We construct a supersymmetric SO(10)×U (1) F model of the Yukawa interactions at the grand unification scale from knowledge of a phenomenological set of mass matrices obtained by a previous bottom-up approach. The U (1) F family symmetry determines the textures for the Majorana and generic Dirac mass matrices, while the SO(10) symmetry relates each particular element of the up, down, neutrino and charged lepton Dirac matrices. The dominant second and third family contributions in the Dirac sector are renormalizable, while the remaining contributions to the Dirac mass matrices are of higher order, restricted by the U (1) F family symmetry to a small set of tree diagrams, and mainly complex-symmetric. The tree diagrams for the Majorana mass matrix are all non-renormalizable and of progressively higher-order, leading to a nearly * Permanent address † Electronic address: ALBRIGHT@FNALV ‡ Electronic address: PHYSSNA@OSUCC 
I. INTRODUCTION
The standard model (SM) of strong and electroweak interactions, while providing excellent agreement with experiment todate, is known to be woefully inadequate to explain the mass spectrum and mixings of the three families of quarks and leptons. One needs to go beyond the standard model in order to relate the independent Yukawa couplings to each other.
Of the various possibilities, supersymmetric grand unified theories and superstring theories seem to hold the most promise for successfully incorporating the Yukawa interactions in a more satisfactory fashion. In this paper we shall restrict our attention to supersymmetric SO(10) grand unification, which has been shown [1] to unify the gauge couplings successfully at a scale of Λ SGU T ∼ 10 16 GeV.
It is a generally held opinion that knowledge of the mass matrices in the weak flavor basis can provide insights into the dynamical mass-generating mechanism. [2] This follows from the fact that the mass eigenvalues are obtained by diagonalization of the mass matrices, while the mixing matrices in the mass eigenbasis can be constructed from knowledge of the diagonalizing matrices connecting the two bases. By starting from the correct mass matrices, one should then be able to deduce the observed quark and lepton masses and mixings after evolving the results down to the present "low energy" scales.
Generally two procedures are at one's disposal for the identification of the "correct" mass matrices. One can attempt to postulate a particular structure or "texture" for the mass matrices based on some well-defined and presumably simple theoretical concepts such as the unification group and/or the number of texture zeros present. [3] This procedure has been employed by most researchers in the past twenty years. Alternatively, one can make use of the known low energy mass and mixing data, supplemented by reasonable guesses for data which is not yet well determined, in order to extract mass matrices within some framework at the unification scale which yield the low energy data in question. Of special interest are neutrino scenarios incorporating the Mikheyev -Smirnov -Wolfenstein (MSW) [4] nonadiabatic resonant conversion interpretation of the depletion of solar electron-neutrinos [5] and either the observed depletion of atmospheric muon-neutrinos through oscillations [6] or neutrinos of satisfactory mass to contribute to the hot component of mixed dark matter [7] , for example.
In a series of papers [8] the authors have demonstrated the latter "bottom-up" approach by making use of Sylvester's theorem [9] to construct mass matrices from the low energy masses and mixing matrices evolved to the unification scale. In doing so, we have attempted to look for simplicity of the mass matrices in the SO(10) framework while varying the quark and lepton weak bases. Such simplicity was found for the MSW solar and atmospheric neutrino depletions in the bases where the up quark and Dirac neutrino mass matrices are real and diagonal, while the down quark and charged lepton matrices are in general complex symmetric. The right-handed Majorana neutrino matrix exhibits a simple nearly geometrical texture.
From the phenomenological mass matrices constructed, we have attempted to derive mass matrices of similar textures from some well-defined family symmetry. In particular, we find within an SO(10) × U(1) F symmetry framework that we can reproduce all the known and assumed-known low energy mass and mixing data for the quarks and leptons in terms of products of Yukawa couplings and Higgs vacuum expectation values (VEVs). The U(1) F symmetry controls the textures for the generic Dirac and Majorana mass matrices, while SO(10) relates particular elements of the up, down, Dirac neutrino and charged lepton mass matrices to each other.
In this paper we shall present all the details for this model construction which were summarized in a short letter submitted elsewhere [10] . Section II summarizes the bottomup procedure and the phenomenological mass matrices obtained for the neutrino scenario preferred. The U(1) F family symmetry is introduced and applied in the Dimopoulos treediagram approach [11] in Sect. III for the contributions to the mass matrices. In Sect. IV the diagramatic contributions to the mass matrix elements are explicitly given with quantitative results presented in Sect V. Our work is summarized in Sect. VI.
II. PHENOMENOLOGICAL MATRICES from a BOTTOM-UP APPROACH
We begin by presenting the low scale input and procedure by which we were able to construct a relatively simple SO(10) set of phenomenological mass matrices at the SUSY GUT scale as spelled out in detail in Ref. [8] The relevant framework is assumed to be that of SUSY SO(10) grand unification at a scale of Λ SGU T = 1.2×10 16 GeV with supersymmetry breaking occuring at a scale of 180 GeV, in order that we can use the analytical one-loop evolution formulas and results given by Naculich [12] .
For the low scale quark data, we assumed the following set of quark masses and Cabbibo -Kobayashi -Maskawa (CKM) mixing matrix [13] 
0.9753 0.2210 0.0031e
The light quark masses were chosen to be the central values given by Gasser and Leutwyler [14] , while the heavy physical top mass was set equal to 160 GeV prior to its discovery yielding a running mass of 150 GeV. We assumed a value of 0.043 for V cb , which is now thought to be closer to 0.040, and applied strict unitarity to determine V ub , V td and V ts .
The greatest SO(10) simplicity was obtained for the neutrino scenario incorporating the observed depletion of solar neutrinos [5] through the nonadiabatic MSW [4] matter conversion of electron-neutrinos into muon-neutrinos in the interior of the sun and the depletion of atmospheric muon-neutrinos through oscillation into tau-neutrinos observed now by several deep mine collaborations [6] . The central values deduced for these mixing plane results are
We took for the lepton input and
0.9990 0.0447 0.0076e
These masses and mixing matrix data were evolved to the SUSY GUT scale by using formulas given by Naculich [12] as spelled out in detail in Ref. 8 . We could then reconstruct complex-symmetric mass matrices at the SUSY GUT scale by making use of Sylvester's theorem [9] as illustrated by Kusenko [15] for the quark sector. The construction is not unique, for one is free to change the quark and lepton weak bases by letting two parameters, x q and x ℓ , vary independently over their support regions, 0 ≤ x ≤ 1. For x q (x ℓ ) = 0, the up quark (Dirac neutrino) mass matrix is diagonal; while for x q (x ℓ ) = 1, the down quark (charged lepton) mass matrix is diagonal. One is also free to vary the signs of the mass eigenvalues.
By varying the signs of the mass eigenvalues and the two parameters x q and x ℓ , we then searched for a simple SO(10) structure for the mass matrices. The greatest simplicity occurred with x q = 0 and x ℓ = 0.93 corresponding to diagonal up quark and Dirac neutrino mass matrices and leading to from the seesaw formula [16] with use of M N Dirac and the reconstructed light neutrino mass matrix, exhibits a nearly geometrical structure [17] given by
where E ≃
6
√ F C with all elements relatively real [18] . It can not be purely geometrical, however, since the singular rank-1 matrix can not be inverted as required by the seesaw
III. U(1) F FAMILY SYMMETRY and RESULTING TREE DIAGRAMS
The challenge is now to introduce a family symmetry which will enable us to derive the mass matrix textures derived above phenomenologically from our bottom-up approach. For this purpose, we propose to use a U(1) F family symmetry [19] , where we leave open for the time being whether the symmetry is global or local in which case it can be gauged. Before proceeding with this, we review briefly the elements of the SO(10) symmetry group which play important roles in our model construction.
In the SO(10) framework, each family of left-handed quarks, leptons, conjugate quarks and conjugate leptons belongs to a 16 dimensional representation. It is convenient to represent a given flavor (and color) member of the ith family and its conjugate by the two
In the corresponding three-family basis ordered as follows,
}, the contributions to the up or down quark, neutrino or charged lepton, mass terms in the Yukawa Lagrangian are then given by (3.1a) where the 6 x 6 matrix can be written in terms of 3 x 3 submatrices
with the individual contributions referring to
Here the diagonal block entries appear only for neutrinos with M L the left-handed Majorana neutrino mass matrix which we take to vanish, while M R is the right-handed Majorana neutrino mass matrix which receives large contributions near the SUSY GUT scale.
By construction the 6 x 6 matrix M is complex symmetric, but the Dirac mass submatrix is not necessarily complex symmetric. We shall assume that the dominant contributions are complex symmetric and that any departures from this form arise from small higher-order corrections. Recall that the SO(10) product rules read 16 × 16 = 10 s + 120 a + 126 s (3.2a)
Hence we shall assume that only the symmetric Higgs representations 10 and 126 develop low scale VEVs, while the antisymmetric 120 does not. In terms of the SU (5) The up-type quarks and Dirac neutrinos then can receive contributions from the neutral members of 10 (5) and 126 (5), the down-type quarks and charged leptons from those of 10 (5) and 126 (45), and the heavy right-handed Majorana neutrinos from those of 126 (1).
We shall later assume the Higgs representations 1 and 45 play a role in the higher-order corrections, where the 45(1) and 45 (24) develop VEVs according to the decomposition 45 → 24 + 10 + 10 + 1 (3.3b) Returning to the phenomenological mass matrices obtained in Section II, we use the textures given in (2.4a,b,c) as our starting point for the construction of an SO(10) × U(1) F model of the Yukawa interactions. We find it useful to introduce a generic Dirac matrix, M Dirac , to go along with the one Majorana matrix, M R . The U(1) F family symmetry will then determine the textures for M Dirac and M R , while the SO(10) symmetry will relate the corresponding matrix elements of the four Dirac matrices
Simplicity of the SO(10) structure requires that just one Higgs 10 representation contributes to the (M Dirac ) 33 element (hereafter labeled D33). Since a 10 contributes equally to the 33 elements of all four Dirac matrices, this implies that we assume complete unification of the Yukawa couplings at the unification scale:m τ =m b =m t / tan β 10 , where tan β 10 is equal to the ratio of the up quark to the down quark VEVs in the 10, i.e.,
in terms of the SU (5) decomposition of SO (10) 
Likewise we assume a pure 126 contribution to D22 with
In other words, for simplicity we have taken the 2-3 sector of M Dirac to be renormalizable with two 10's and one 126 developing low scale VEVs. We illustrate the renormalizable 3-point tree diagrams in Fig. 1a .
We now assign U(1) F charges as follows to the three families (in order of appearance) and to the three Higgs representations introduced which generate low scale VEVs with the numerical values to be determined later:
Conservation of U(1) F charges then requires 2α + a = 0, α + β + b = 0 and 2β + c = 0 as seen from the diagrams in Fig. 1a .
We assume the rest of the M Dirac elements arise from higher-order tree diagrams as first suggested by Dimopoulos [11] twelve years ago. The point is that not only does SUSY control the running of the Yukawa couplings between the SUSY GUT scale and the weak scale where it is assumed to be softly broken, but it also allows one to assume that only simple tree diagrammatic contributions to the mass matrices need be considered as a result of the non-renormalization theorem [20] or in any non-orthogonal directions. One such direction of interest corresponds to the hypercharge direction for flipped [21] SU (5) × U(1) as clarified in Table I :
While the < 45 X > VEV breaks SO(10) → SU(5), the < 45 Z > VEV breaks SO(10) → flipped SU (5). Alternatively, if the SO(10) → SU (5) breaking occurs earlier by some other VEV such as < 126 ′ > as required later for the Majorana sector, the combined action of < 45 X > and < 45 Z > will result in the breaking of SU (5) 
Since the D13 and D23 elements in (2.4a,b) have the same 10 ′ transformation property, this suggests that we introduce a 45 e X Higgs field and construct an explicitly complexsymmetric dimension-6 tree diagram as shown in Fig. 1b , for which U(1) F charge conservation requires α + γ + b + 2e = 0. We shall later give the four Dirac mass matrix contributions derived from D13 by use of In summary, the following Higgs representations have been introduced in addition to those in (3.5a):
all of which generate massive VEVs near the GUT scale. In order to obtain CP-violation in the quark and lepton mixing matrices, we allow the VEVs for 45 X , 45 Z , 1 and 1 ′ to be complex, but the VEVs associated with the 10, 10 ′ , 126 and 126 ′ representations can be taken to be real without loss of generality as seen from our bottom-up results. Clearly, many permutations of the Higgs fields are possible in the higher-order diagrams.
At this point a computer search was carried out to generate U(1) F charge assignments leading to the fewest additional diagrams allowed by charge conservation. An especially interesting charge assignment stood out for which
One should note that since α + β + γ = 0, the [SO (10) the Green-Schwarz mechanism [22] provided the model can be derived from string theory.
We intend to study this point at greater length elsewhere and do not commit ourselves here to either possibility.
With the above charge assignments we can further greatly limit the number of permutations and eliminate other unwanted diagrams by restricting the U (1) as determined by another computer program, we recover just the leading-order diagrams listed in (3.7a) for the generic Dirac mass matrix together with the following uniquelyordered diagrams for the complex-symmetric Majorana mass matrix
Several other higher-order diagrams are allowed by the U(1) F charges given in (3.8a,b) and appear for D11, D22, M23 and M32 with the Higgs fields ordered as follows:
These corrections to M23 and M32 ensure that M R is rank 3 and nonsingular, so that the seesaw formula [16] can be applied. Up to this point the contributions are all complexsymmetric.
Additional correction terms of higher order which need not be complex-symmetric can be generated for the Dirac and Majorana matrix elements, if one allows additional superheavy fermion pairs with new U(1) F charges. Such a subset which does not destroy the pattern constructed above, but helps to improve the numerical results for the lepton masses and mixings, consists of the following: The additional diagrams arising from this expanded set of superheavy fermions are: D11: 
M11
:
We thus have obtained the complete set of diagrams we shall consider for the evaluation of the mass matrices. Any additional diagrams for a given M Dirac or M R matrix element allowed by the U(1) F family symmetry are of higher-order and will lead to noticeably smaller contributions to that element than those arising from all the diagrams listed above.
IV. EVALUATION OF CONTRIBUTIONS to the MASS MATRICES
We now turn to the evaluation of the contributions to each matrix element at the SUSY GUT scale. The renormalizable 3-point couplings times VEVs for the 10(5), 10 (5) 
We shall assume the superheavy fermions all get massive at the same mass scale, so each 1, 1 ′ , 45 X or 45 Z vertex factor can be rescaled by the same propagator mass M according to
where we have introduced a convenient short-hand notation. In order to accommodate CP violation, as noted earlier after (3.5b) we introduce the four phases
As a result we are led to introduce 14 independent parameters in order to explain the 15 quark and lepton masses and 8 quark and lepton mixing parameters.
The contributions for each diagram then follow by moving along each fermion line and appending the above parameters together with the coupling coefficents spelled out in Table I .
Alternatively, one can use the detailed computational procedure of Mohapatra and Sakita [23] which makes explicit use of the SU (5) decompositions of the SO(10) matrices and fields. We have used both procedures for a check in our calculations and both agree. In the expressions presented below, we have evaluated the Dirac (
Leading-Order Dirac Matrix Diagrams of (3.7a):
D33:
Leading-Order Majorana Matrix Diagrams of (3.7b):
M33:
M23
M22:
Higher-Order Diagrams listed in (3.7c) from Minimal Set:
Higher-Order Diagrams of (3.7d) from the Expanded Set:
D11:
D12:
An interesting observation which can be drawn from the Majorana contributions in (4.2b) is that the matrix in leading order has a geometrical texture as given in (2.4c) with
provided x ≃ z. In fact, this observation served as an important guide in our construction of the Majorana neutrino matrix and suggested the relative roles played by the 45 X and 45 Z Higgs fields.
V. QUANTITATIVE RESULTS for the SO(10) × U(1) F MODEL
Finally we attempt to select a set of values for the 14 input parameters of (4.1a,b,c) which will accurately reproduce the input data in (2.1a,b) and (2.3a,b) used for our bottom- By expanding the set of superheavy fermions to include those in (3.8c), on the other hand, excellent results can be found as shown below.
One particularly good numerical choice for the parameters at the SUSY GUT scale is given by
which reduces the number of independent parameters from 14 to 12. In fact, the only large phase angle is that for φ x . As seen from (4.2a) , this is in agreement with our earlier conclusion from the bottom-up phenomenological results [8] that essentially only the Dirac D13 and D31 matrix elements are complex. The mass matrices at the SUSY GUT scale are then numerically equal to in units of GeV. By using the seesaw formula [16] , we find for the light neutrino matrix at the SUSY GUT scale The masses at the GUT scale can then be found by calculating the eigenvalues of the Hermitian product MM † in each case, while the mixing matrices V CKM and V lept can be calculated with the projection operator technique of Jarlskog [24] . After evolving these quantities to the low scale, we find in the quark sector 21.3, cf. [12, 13] . These results should be compared with our central starting input values given in (2.1a,b) .
In the lepton sector we obtain The neutrino masses and mixings are in the correct ranges to explain the nonadiabatic solar neutrino depletion with small mixing [5] and the atmospheric neutrino depletion with large mixing [6] : 
VI. SUMMARY
Our starting point for this research has been based on the results obtained from a bottomup approach proposed previously by us to obtain mass matrices at the SUSY GUT scale based on a complete set of data inputted at the low scales. In particular we have used the known quark and charged lepton masses and CKM mixing matrix together with the neutrino masses and mixings based on particular neutrino scenarios. The masses and mixing matrices were evolved to the SUSY GUT scale where the mass matrices can be constructed by use of Sylvester's theorem. By varying the bases and the signs of the mass eigenvalues, we looked for simple textures for the mass matrices such that each matrix element involved as few SO (10 (vii) The right-handed Majorana neutrino matrix has a nearly geometrical texture leading to heavy Majorana neutrino masses spread over seven orders of magnitude as given in (5.4c) . In fact, it is the highly geometrical structure of the Majorana matrix which accounts for the nearly maximal mixing of the ν µ and ν τ , rather than sizable mixing in the Dirac sector [25] .
With the model as presented, the U(1) F current is anomalous, since the [U(1) F ] 3 triangle anomaly does not vanish. It is possible to cancel this anomaly, however, by the addition of two SO(10) singlet neutral fermions, n L and (n c ) L , both with U(1) F charges of -12. By introducing another Higgs singlet representation which develops a GUT scale VEV, one can arrange that one of the new neutrinos remains massless while the other becomes superheavy.
Alternatively, it is possible to cancel such an anomaly through the Green-Schwarz mechanism [22] provided the model can be derived from string theory.
Studies are underway to examine what effects small mixings of such a light sterile neutrino with the three families of light neutrinos will have on the neutrino spectrum and will be reported elsewhere. Work is also underway to construct a superpotential for the model 
